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Photon acceleration based on plasma
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A formalism is presented to examine the interaction of laser field with plasma wave in which the interaction
is described as some geometric metric~optical metric! and then a laser beam is treated as a packet of photons
moving along null geodesics with respect to that metric. Photon motion equations are derived and solved
analytically in both the one-dimensional and the three-dimensional cases. The expressions for the frequency
shifts of laser pulses are presented and it is found that the frequency shifting results from the plasma density
gradient. Three-dimensional solution shows that a laser beam diffraction occurs in the presence of a radial
variation of the plasma density. It is argued that the focusing mechanism originated from the plasma wave can
curb laser diffracting, so that photons can be trapped in the plasma wave and accelerated continuously.
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I. INTRODUCTION

The interaction of intense laser field with plasma has
ceived much theoretical and experimental attention dur
the last decade. The plasma wave excited by an intense
pulse can generate such an extremely high accelerating
of 100 GV/cm@1–4# that it may become the next generatio
of particle accelerator. It is further found that such a hi
gradient plasma wave can shift the frequency of the la
pulse trailing the plasma wave@5–13#. The trailing laser
pulse absorbs the energy from the plasma wave that is st
by a driving laser pulse through the plasma and then
energy is transformed into laser frequency upshifting, i
photons being accelerated.

The existing theoretical descriptions of photon accele
tion are formulated in terms of two different approaches. O
of them is based on Hamiltonian formulation, which d
scribes the evolution of the space-time dynamics of a w
packet~the classical analog of a photon! in a plasma using
the ray tracing equations@6,8,10#. The second method uti
lizes the standard electromagnetic wave theory to study
interaction of a probe laser pulse with the plasma pertur
tion @11,12#.

In this paper a different kinetic description of photon a
celeration is presented, which is based on the optical me
@14–18#, a generalization of the geometric optics from t
three-dimensional Euclidean space to the four-dimensio
non-Euclidean space-time. The basic idea is illustrated
follows. A laser pulse propagating in a plasma can be
scribed as a beam of photons traveling in the plasma.
cording to Fermal’s principle, a light track between a
given pair of points in a medium is extremal, i.e., a r
travels along a geodesic with respect to a given metric n
straight line. The geometric character of the metric, howe
is dependent on the refractive index of the medium. T
plasma perturbation produced owing to the ponderomo
force exerted on the plasma by driving laser pulses is tre
as a Riemannian geometric background. This means
plasma electron density perturbation and corresponding
tribution of the refractive index are connected with geom
ric quantities such as optical metric, connection coefficie
and curvature tensors, etc. Then, the trailing laser pu
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propagating through the plasma is described as a ph
packet traveling along a geodesic in the Riemannian ge
etry. The motion equations for photons are derived and t
solved in one-dimensional~1D! and 3D cases, respectivel
The frequency shifting of the probe pulse is given in t
underdense plasma regime. The 3D effect for the laser pro
gation in the medium is examined and it is found that t
transverse component of the wave vector of the laser p
will emerge due to the radial variation of the plasma elect
density. Finally, the metric optics allows us, using a unifi
geometric formulation, to analyze the focusing and defoc
ing characteristics of the laser beam propagating through
plasma.

This paper is organized as follows. In Sec. II A, the op
cal metric and the corresponding connection coefficients
the plasma perturbation are calculated and then the mo
equations for photons are derived. In Secs. II B and II C,
photon motion equations are solved both in 1D and 3D ca
The frequency shifts of photons are presented and the m
mum value of the frequency upshifting is estimated. In S
III, in terms of the focusing theorem in general relativity, th
self-guiding effect for the photon traveling in the plasm
wave is examined. Finally in Sec. IV, the discussion a
conclusion are stated and the limit for photon traveli
length in the medium is analyzed.

II. MOTION EQUATIONS OF PHOTONS

Let us examine a laser pulse trailing the plasma wa
which can be described as a beam of photons traveling in
plasma. In general relativity the interaction of photons w
gravitational field is interpreted as photon motion along
null geodesic in a manifold that is characterized by the lo
energy-momentum tensor. In the metric optics, by analo
with general relativity, the interaction of laser pulses with
plasma can be illustrated as photon motion along the
geodesic in a space-time that is specified by the electrom
netic response of the ambient medium.

A. Null geodesic equations

The photon motion obeys the null geodesic equations
follows @19#:
©2001 The American Physical Society01-1
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dkm

ds
1Gnl

m knkl50, ~1!

wheres is a parameter associated with the proper time,
wave four-vector is

km5
dxm

ds
5S 2

v

c
,kD , ~2!

the contravariant wave vector with respect to the optical m
ric gmn of the medium is

km5
dxm

ds
5gmnkn , ~3!

the connection coefficients of the medium are

Gnl
m [

1

2
gmr~]ngrl1]lgnr2]rgnl!, ~4!

and the optical metric of the medium is@20#

gmn5hmn1S 12
1

em Dumun , ~5!

wherehmn is Minkowski metric with signature (2111),
um is four-velocity of the medium with respect to the lab
ratory, e andm are, respectively, the dielectric constant a
the magnetic permeability. In the case of a static nonm
netic isotropic medium the optical metric reads

gmn5F 2
1

e
0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

G . ~58!

Sincevp
2/v2!1 in the underdense plasma regime, one c

write

1/e51YS 12
vp

2

v2D .11
vp

2

v2
511

vp0
2

v2 S 11
dn

n0
D

511h~11D!, ~6!

whereh5vp0
2 /v254pe2n0 /mv2,D5dn/n0, andn0 andn

5n01dn are the plasma electron densities before and a
the driving laser beam is injected into the plasma, resp
tively. It is convenient to perform a coordinate transform
tion into the cylindrical light speed frame:xm5(t,x,y,z)
→ x̄a5(t,r ,u,j), wherej5z2ct,t5t, and then the optica
metric is transformed as
03650
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ḡab~r ,u,j,t!5
]xm

] x̄a

]xn

] x̄b
gmn5F 2h~11D! 0 0 1

0 1 0 0

0 0 r 2 0

1 0 0 1

G ,

~7!

where

]xm

] x̄a
5F 1 0 0 0

0 cosu 2r sinu 0

0 sinu r cosu 0

21 0 0 1

G . ~8!

The corresponding contravariant optical metric gives

ḡab~r ,u,j,t!53
2

1

11h~11D!
0 0

1

11h~11D!

0 1 0 0

0 0 r 22 0

1

11h~11D!
0 0

h~11D!

11h~11D!

4 .

~9!

Using Eqs.~7! and ~9! all the nonzero connection coeffi
cients are given as

G00
0 52

1

2
ḡ03ḡ00,35

1

2

h

11h~11D!
]jD,

G01
0 5G10

0 5
1

2
ḡ00ḡ00,15

1

2

h

11h~11D!
] rD,

G03
0 5G30

0 5
1

2
ḡ00ḡ00,35

1

2

h

11h~11D!
]jD,

G00
1 52

1

2
ḡ11ḡ00,15

1

2
h] rD,

G22
1 52

1

2
ḡ11ḡ22,152r , ~10!

G21
2 5G12

2 5
1

2
ḡ22ḡ22,15

1

r
,

G00
3 52

1

2
ḡ33ḡ00,35

1

2

h~11D!

11h~11D!
h]jD,

G03
3 5G30

3 5
1

2
ḡ30ḡ00,352

1

2

h

11h~11D!
]jD,

G01
3 5G10

3 5
1

2
ḡ30ḡ00,152

1

2

h

11h~11D!
] rD,
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where the notation ‘‘,’’ denotes the partial derivative wi
respect to a coordinate component. The geodesic equa
in the light speed frame are then rewritten as

dk̄a

ds
1Gbg

a k̄bk̄g50, ~11!

wherek̄a5(] x̄a/]xm)km and

] x̄a

]xm
5F 1 0 0 0

0 cosu sinu 0

0 2
1

r
sinu

1

r
cosu 0

21 0 0 1

G . ~12!

B. Solutions for one-dimensional motion equations

In 1D caseD5D(j), the motion equation~11! can be
expanded as

dk̄0

ds
1G00

0 k̄0k̄012G30
0 k̄3k̄050, ~11a!

dk̄1

ds
1G22

1 k̄2k̄250, ~11b!

dk̄2

ds
12G21

2 k̄2k̄150, ~11c!

dk̄3

ds
1G00

3 k̄0k̄012G30
3 k̄3k̄050. ~11d!

Under the initial conditionsk̄1uz,t505 k̄2uz,t5050, Eqs.~11b!
and ~11c! give the solutions k̄15 k̄250. Using d/ds

5(dx̄0/ds)d/dx̄0 and k̄05k0, Eq. ~11a! gives

dk0

dx̄0
1S G00

0 12G30
0 dx̄3

dx̄0D k050. ~11a8!

Noting that the tracks of photons are just the null geodes
i.e.,

ḡab dx̄a dx̄b50 ~13!

one can obtain (dx̄3/dx̄0)5211A11h(11D). The motion
equation (11a8) is rewritten

dk0

dx̄0
1

A11h~11D!2
1

2

11h~11D!
hc~]jD!k050, ~14!

and, notingh5vp0
2 /v2 and k05g00k05e(v/c), to the first

order inh, the equation is presented
03650
ns

s,

dk0

dx̄0
1

1

2

vp0
2

k0
]jD50. ~148!

And then Eq. (148) is solved by

k05k~t50!S 12
vp0

2

v0
2 E0

ct

dx̄0 ]jD D 1/2

, ~15!

which is of the same form as that obtained by Esareyet al.
@11# but on different approaches. The corresponding f
quency shifting is

v

v0
5S 12

vp0
2

v0
2 E0

ct

dx̄0 ]jD D 1/2

, ~16!

wherev05v(t50). One can therefore obtain the relativ
frequency shifting to first order inh

dv

v0
5

v2v0

v0
.2

1

2
hct]jD. ~168!

From k̄35(dx̄3/dx̄0)k0 and k̄35k32k0, using Eqs.~15! and
~13!, one has

kz5k35S 11
dx̄3

dx̄0D k0

5
v0

cA11h~11D!
S 12

vp0
2

v0
2 E0

ct

dx̄0 ]jD D 1/2

5k~0!S 12
vp0

2

v0
2 E0

ct

dx̄0 ]jD D 1/2

, ~17!

where k(0)5v0 /cA11h(11D). Noting the fact that
1/A11h(11D)5e1/2 is just the refractive index of the me
dium, k(0) can be understood as the wave number in
absence of the plasma wave. To first order inh the solution
~17! is reduced to

kz5
v0

c F12
vp0

2

v0
2 ~11D1ct]jD!G 1/2

.
v0

c F12
1

2

vp0
2

v0
2 ~11D1ct]jD!G . ~178!

To estimate the frequency shifting value, one can use
plasma density perturbation as follows@21#:
1-3
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D~r ,j!5
dn~r ,j!

n0

52
p

4
aL0

2 F11
8

kp0
2 r L

2 S 12
2r 2

r L
2 D G

3expS 2
2r 2

r L
2 D sin~kp0j!, j,0, ~18!

which is excited by a driving laser pulse with the followin
profile

aL~r ,j!5H aL0 exp~2r 2/r L
2!sin~pj/ l L!, 0<j< l L

0, j,0,

where aL5(e/mc2)AL is the normalized potential of th
driving laser field,kp05vp0 /c, and l L and r L are, respec-
tively, the pulse length and the spot size. Substituting
~18! into Eq. (168) and noting thatkp0

2 r L
2@1 under the gen-

eral laboratory condition~e.g., takingn0;1017 cm23 and
r L;1 mm, kp0

2 r L
2;3.533103), one can estimate a value o

the frequency upshifting

dv

v0
5

p

8
aL0

2 htvp0 .

Setting l51 mm, aL050.5, n051019 cm23, and t
510212 s, one has

dv

v0
515.7%.

C. Solutions for three-dimensional motion equations

In the three-dimensional caseD5D(r ,j), the motion
equations present

dk̄0

ds
1G00

0 k̄0k̄012G10
0 k̄1k̄012G30

0 k̄3k̄050, ~19a!

dk̄1

ds
1G00

1 k̄0k̄01G22
1 k̄2k̄250, ~19b!

dk̄2

ds
12G21

2 k̄2k̄150, ~19c!

dk̄3

ds
1G00

3 k̄0k̄012G10
3 k̄1k̄012G30

3 k̄3k̄050. ~19d!

Under the initial conditionk̄2uz,t5050, Eq. ~19c! is solved
by k̄250. Equations~19a! and ~19b! can read

dk̄0

dx̄0
1S G00

0 12G10
0 dx̄1

dx̄0
12G30

0 dx̄3

dx̄0D k̄050, ~19a8!
03650
.

dk̄1

dx̄0
1G00

1 k̄050. ~19b8!

In the 3D case Eq.~13! presents

S dx̄3

dx̄0D 2

12
dx̄3

dx̄0
1S dx̄1

dx̄0D 2

1ḡ0050. ~138!

By solving it one obtains

dx̄3

dx̄0
5211A11h~11D!2S dx̄1

dx̄0D 2

. ~20!

Considering that the phase velocity of the laser in a plasm
faster than that in vacuum, i.e.,

dx̄3

dx̄0
5

d

cdt
~z2ct!5

1

c
~vp2c!.0,

wherevp is the phase velocity in a plasma, it is shown th
udx̄3/dx̄0u!1 and udx̄1/dx̄0u!1. Neglecting high order
terms inh Eq. (19a8) is rewritten

dk0

dx̄0
1

1

2

h

11h~11D!
~]jD!k050. ~21!

To the first order inh, the solution of Eq.~21! is given as

v

v0
5S 12

vp0
2

v0
2 E0

ct

dx̄0 ]jD D 1/2

. ~22!

And using k̄35 k̄0(dx̄3/dx̄0)5k32k0 and Eq.~20!, one ob-
tains

k35kz5S 11
dx̄3

dx̄0D k0.k~0!S 12
vp0

2

v0
2 E0

ct

dx̄0 ]jD D 1/2

.

~23!

Both the solutions~22! and~23! have the same forms as Eq
~16! and~17! in the 1D case. Using the solution of Eq.~21!,
to the first order inh, Eq. (19b8) is solved as

kr52
1

2
hct~] rD!

v0

c
. ~24!

In the 3D case the transverse componentkr of the wave
vector is produced owing to the presence of radial gradien
the electron density that results from the quiver motion of
plasma electrons. The transverse component is respon
for the laser beam diffraction, which severely limits the a
celerating distance of the trailing laser in the plasma. It
therefore necessary to examine the focusing and defocu
characteristics of the trailing laser pulse in the plasma.
1-4
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III. FOCUSING ANALYSIS
FOR ACCELERATING PHOTONS

Using the focusing theorem in general relativity, the f
cusing equation for a photon beam presents@22,23#

d2A 1/2

ds2
1S uSu21

1

2
RabkakbDA 1/250, ~25!

whereA is the cross sectional area of the laser that is fil
with photons,

uSu2[
1

2
ka;bka;b2

1

4
~k;a

a !2, ~26!

the notation ‘‘;’’ is the covariant derivative, and the Ric
curvature tensor

Rab5]rGab
r 2]bGar

r 1Gsr
r Gab

s 2Gsb
r Gar

s . ~27!

Inserting Eqs.~10! into Eqs.~26! and ~27!, to the first order
in h, after a tedious calculation one can obtain

uSu21
1

2
Rabk̄ak̄b.

h

4 F1

r
] r~r ] rD!G~ k̄0!2. ~28!

According to the above result, it is obvious that the focus
mechanism can be workable provided the driving laser pu
is appropriately specified so that the variation of the plas
wave meets] r(r ] rD)>0. Substituting the plasma densi
perturbation Eq.~18! into the above equation one has

uSu21
1

2
Rabk̄ak̄b5

2paL0
2

r L
2 H S 12

2r 2

r L
2 D

1
16

kp
2r L

2 F12
2r 2

r L
2 S 22

r 2

r L
2D G J

3expS 2
2r 2

r L
2 D sin~kpj!~ k̄0!2.

~29!

Sincekp
2r L

2@1, Eq. ~29! is reduced to

uSu21
1

2
Rabk̄ak̄b.

2paL0
2

r L
2 S 12

2r 2

r L
2 D expS 2

2r 2

r L
2 D

3sin~kpj!~ k̄0!2. ~298!

From Eqs.~25! and (298), obviously, there exists a regio
r ,r L /A2 and the phase of the plasma wave sin(kpj).0 or a
region r .r L /A2 and the phase of the plasma wa
sin(kpj),0 over which the focusing mechanism to the pro
pulse will be functional. It is also shown that when the pu
is positioned atr 5r L /A2 it may be in the state of trapping
i.e., the state in which the laser beam could travel, in a c
stant section, for a long distance. From Eqs.~22! and ~18!
and noting kp0

2 r L
2@1, it is clear that frequency
03650
-

d

g
e
a

e

-

upshifting requires cos(kp0j).0. To put the probe pulse a
such an appropriate position on the plasma wave that
photons can be both accelerated and focused, using Eqs.~22!
and ~298!, one can conclude that since the accelerating c
dition cos(kp0j).0 and the focusing condition sin(kpj)
.0(sin(kpj),0) should be satisfied at the same time, t
pulse length has to be confined to the scale<lp/4.

IV. DISCUSSION AND CONCLUSION

In conclusion, the mechanism of photon acceleration
described using metric optics. The motion equations for p
tons are obtained and solved in 1D and 3D cases, res
tively. As far as I know, in particular, photon dynamical b
havior in the 3D circumstance is examined for the first tim
It is found that photons are accelerated when they are p
tioned in such a phase of the plasma wave that]jD,0 ~ac-
celerating phase!. Analysis shows that photons will b
trapped in the plasma wave and accelerated continuous
the density perturbation is propagating at a speed near th
light in the plasma. Since there is a radial component of
plasma, density gradient photons may be scattered tr
versely, i.e., laser beam may be diffracted. Further study
indicates, however, that the focusing mechanism of
plasma wave is capable of limiting photon radial motion a
keeping the packet from spreading provided that the la
pulse profile is properly specified. There exists a region
the light speed frame in which photons can undergo an
celerating and focusing movement. Another limitation on t
photon accelerating length is the phase detuning distancLt
@24#. The phase detuning distance is the maximum dista
in which photons can be trapped in the accelerating ph
and continuously gain the energy from the plasma wave

Lt[2lp YS 12
vg

2

c2D 52lp Y vp
2

v2
, ~30!

wherevg andv are the group velocity and frequency of th
driving laser field, respectively. Using Eqs.~22! and~18! and
setting the frequency of the driving pulse equal to that of
trailing pulse, one can estimate the maximum frequency
shifting of the probe pulse as

vmax5v0~11p2aL0
2 !1/2. ~31!

Taking the normalized vector potential of the driving pul
aL050.5, one has the relative frequency upshifting

maxH dv

v0
J 50.86.

Obviously, this is a very remarkable frequency upshifti
effect.
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